Abstract. We study new classes of linear preservers between C * -algebras and JB * -triples. Let E and F be JB * -triples with ∂ e (E 1 ). We prove that every linear map T : E → F strongly preserving Brown-Pedersen quasi-invertible elements is a triple homomorphism. Among the consequences, we establish that, given two unital C * -algebras A and B, for each linear map T strongly preserving Brown-Pedersen quasi-invertible elements, then there exists a Jordan * -homomorphism S : A → B satisfying T (x) = T (1)S(x), for every x ∈ A. We also study the connections between linear maps strongly preserving Brown-Pedersen quasi-invertibility and other clases of linear preservers between C * -algebras like Bergmann-zero pairs preservers, Brown-Pedersen quasiinvertibility preservers and extreme points preservers.
Introduction
Let X be a Banach space. In many favorable cases, the set ∂ e (X 1 ), of all extreme points of the closed unit ball, X 1 , of X, reveals many of the geometric properties of the whole Banach space X. There are spaces X with ∂ e (X 1 ) = ∅, however, the Krein-Milman theorem guarantees that ∂ e (X 1 ) is non-empty when X is a dual space.
Let A be a C * -algebra. It is known that ∂ e (A 1 ) = ∅ if and only if A is unital (see [38, Theorem I.10 
.2(i)])
. When A is commutative, the unitary elements in A are precisely the extreme points of the closed unit ball of A. The same statement remains true when A is a finite von Neumann algebra (cf. [30, Lemma 2] ). For a general unital C * -algebra A, every unitary element in A is an extreme point of the closed unit ball of A, however, the reciprocal statement is, in general, false (for example a non-surjective isometry in B(H) is not a unitary element in this Cstrongly preserving Moore-Penrose invertibility between C * -algebras A and B, is a Jordan * -homomorphism multiplied by a regular element of B commuting with the image of T , whenever the domain C * -algebra A is unital and linearly spanned by its projections, or when A is unital and has real rank zero and T is bounded. It is also proved that every bijective linear map strongly preserving Moore-Penrose invertibility from a unital C * -algebra with essential socle is a Jordan * -isomorphism multiplied by an involutory element. The problem for linear maps strongly preserving Moore-Penrose invertibility between general C * -algebras remains open.
The set, A −1 q , of quasi-invertible elements in a unital C * -algebra A was introduced by L. Brown and G.K. Pedersen as the set A −1 A 1 A −1 , where A −1 and A 1 denote the set of invertible elements in A and the set of extreme points of the closed unit ball of A, respectively (see [4] ). It is known that a ∈ A The notion of quasi-invertible element was extended by F.B. Jamjoom, A.A. Siddiqui, and H.M. Tahlawi to the wider setting of JB * -triples. An element x in a JB * -triple E is called Brown-Pedersen quasi-invertible if there exists y ∈ E such that B(x, y) = 0 (cf. [23] ). The element y is called a Brown-Pedersen quasiinverse of x. It is known that B(x, y) = 0 implies B(y, x) = 0. Moreover, the Brown-Pedersen quasi-inverse of an element is not unique. Indeed, if B(x, y) = 0 then it can be checked that B(x, Q(y)(x)) = 0, so for any Brown-Pedersen quasi-inverse y of x, Q(y)(x) also is a Brown-Pedersen quasi-inverse of x. It is established in [23, Theorems 6 and 11] that an element x in E is BrownPedersen quasi-invertible if, and only if, it is (von Neumann) regular and its range tripotent is an extreme point of the closed unit ball of E, equivalently, there exists a complete tripotent v ∈ E such that x is positive and invertible in E 2 (v). Every regular element x in E admits a unique generalized inverse, which is denoted by x † (see sections 2 for more details). In particular, the set, E −1 q , of all Brown-Pedersen quasi-invertible elements in E contains all extreme points of the closed unit ball of E.
We consider in this paper a new class of linear preserver. A linear map T between JB * -triples strongly preserves Brown-Pedersen quasi-invertibility if T preserves Brown-Pedersen quasi-invertibility and
q . In the main result of this note we prove the following: Let A and B be unital C * -algebras. Let T : A → B be a linear map strongly preserving BrownPedersen quasi-invertible elements. Then there exists a Jordan * -homomorphism S : A → B satisfying T (x) = T (1)S(x), for every x ∈ A (see Theorem 5.12).
In section 5 we also explore the connections between linear maps strongly preserving Brown-Pedersen quasi-invertibility and other clases of linear preservers between C * -algebras like Bergmann-zero pairs preservers, Brown-Pedersen quasiinvertibility preservers, and extreme points preservers.
The reader should have realized at this point, that novelties here rely on results and tools of Jordan theory and JB * -triples (see section 2 for definitions). The research on linear preservers on C * -algebras benefits from new results on linear preservers on JB * -triples. In Theorem 3.3 we prove that every linear map strongly preserving regularity between JB * -triples E and F with ∂ e (E 1 ) = ∅, is a triple homomorphism (i.e. it preserves triple products). We complement this result by showing that the same conclusion remains true for every bounded linear operator strongly preserving regularity from a weakly compact JB * -triple into another JB * -triple (see Theorem 4.1). The assumption of continuity cannot be dropped in the result for weakly compact JB * -triples (cf. Remark 4.2). The most significan result (Theorem 5.11) assures that every linear map strongly preserving BrownPedersen quasi-invertible elements between JB * -triples E and F , with ∂ e (E 1 ) = ∅, is a triple homomorphism.
Preliminaries
As we have commented in the introduction, in this paper we employ techniques and results in JB * -triple theory to study new classes of linear preservers between C * -algebras in connection with linear maps preserving extreme points. For this purpose, we shall regard every C * -algebra as an element in the wider class of JB * -triples. Following [25] , a JB * -triple is a complex Banach space E together with a continuous triple product {., ., .} : E × E × E → E, which is conjugate linear in the middle variable and symmetric and bilinear in the outer variables
is an hermitian operator with non-negative spectrum; (c) L(a, a) = a 2 . For each x in a JB * -triple E, Q(x) will stand for the conjugate linear operator on E defined by the assignment y → Q(x)y = {x, y, x}.
The Bergmann operator, B(x, y), associated with a pair of elements x, y ∈ E is the mapping defined by B(x, y) = I E − 2L(x, y) + Q(x)Q(y).
Every C
* -algebra is a JB * -triple via the triple product given by 2 {x, y, z} = xy
and every JB * -algebra is a JB * -triple under the triple product T ({x, y, z}) = {T (x), T (y), T (z)} for every x, y, z ∈ E. It follows, among many other consequences, that when a JB * -algebra J is a JB * -triple for a suitable triple product, then the latter coincides with the one defined in (2.2).
A JBW
* -triple is a JB * -triple which is also a dual Banach space (with a unique isometric predual [1] ). It is known that the triple product of a JBW * -triple is separately weak * continuous [1] . The second dual of a JB * -triple E is a JBW * -triple with a product extending the product of E [12] .
An element e in a JB * -triple E is said to be a tripotent if {e, e, e} = e. Each tripotent e in E gives raise to the following decomposition of E,
where for i = 0, 1, 2, E i (e) is the i 2 eigenspace of L(e, e) (compare [32, Theorem 25] ). The natural projections of E onto E i (e) will be denoted by P i (e). This decomposition is termed the Peirce decomposition of E with respect to the tripotent e. The Peirce decomposition satisfies certain rules known as Peirce arithmetic:
and is zero otherwise. In addition,
We observe that, for a tripotent e ∈ E, B(e, e) = P 0 (e).
The Peirce space E 2 (e) is a JB * -algebra with product x • e y := {x, e, y} and involution x ♯e := {e, x, e}.
A tripotent e in E is called complete if the equality E 0 (E) = 0 holds. When E 2 (e) = Ce = {0}, we say that e is minimal.
For each element x in a JB * -triple E, we shall denote x [1] := x, x [3] := {x, x, x}, and
The symbol E x will stand for the JB * -subtriple generated by the element x. It is known that E x is JB * -triple isomorphic (and hence isometric) to C 0 (Ω) for some locally compact Hausdorff space Ω contained in (0, x ], such that Ω ∪ {0} is compact, where C 0 (Ω) denotes the Banach space of all complex-valued continuous functions vanishing at 0. It is also known that if Ψ denotes the triple isomorphism from E x onto C 0 (Ω), then Ψ(x)(t) = t (t ∈ Ω) (cf. [24, Corollary 4.8] , [25, Corollary 1.15] and [17] ). The set Ω = Sp(x) is called the triple spectrum of x. We should note that C 0 (Sp(x)) = C(Sp(x)), whenever 0 / ∈ Sp(x).
Therefore, for each x ∈ E, there exists a unique element y ∈ E x satisfying that {y, y, y} = x. The element y, denoted by x ] , is termed the cubic root of x. We can inductively define, x
converges in the weak * topology of E * * to a tripotent denoted by r(x) and called the range tripotent of x. The tripotent r(x) is the smallest tripotent e ∈ E * * satisfying that x is positive in the JBW * -algebra E * *
(e) (compare [13, Lemma 3.3]).
Regular elements in Jordan triple systems and JB * -triples have been deeply studied in [14, 31, 26] and [7] . An element a in a JB
The element b is called the generalized inverse of a. We observe that every tripotent e in E is von Neumann regular and its generalized inverse coincides with it. Throughout this note, we shall denote by E ∧ the set of regular elements in a JB * -triple E, and for an element a ∈ E ∧ , a ∧ will stand for its generalized inverse.
To simplify notation, for a C * -algebra A, let E A denote the JB * -triple with underlaying Banach space A, and triple product defined by (2.1). Let a be an element in E A . Then the mapping Q(a) is given by Q(a)(x) = {a, x, a} = ax * a. Thus, a is Moore-Penrose invertible in A with Moore-Penrose inverse b if, and
Every triple homomorphism T : E → F between JB * -triples strongly preserves regularity, that is,
In [9] , the authors characterized the triple homomorphism between C * -algebras as the linear maps strongly preserving regularity. As a consequence, it is proved that a self-adjoint linear map from a unital C * -algebra A into a C * -algebra B is a triple homomorphism if and only if it strongly preserves Moore-Penrose invertibility ([9, Theorem 3.5]).
Linear maps strongly preserving regularity on JB * -triples
It is known that a non-zero element a in a JB * -triple E, is von Neumann regular if, and only if, Q(a)(E) is closed, if and only if, the range tripotent r(a) of a lies in E and a is positive and invertible element in the JB * -algebra E 2 (e) (cf. [14] , [26] or [7] ). Moreover, when a is von Neumann regular,
and
If a is invertible, its inverse is denoted by a −1 . Moreover if a and b are invertible elements in the Jordan algebra J such that a − b −1 is also invertible, then a
is invertible, and the Hua's identity
holds (see [21, 
page 54, Exercise 3]).
A linear map T : E → F between JB * -triples strongly preserves regularity if
The next result is inspired in [8, Lemma 3.1].
Proposition 3.1. Let E and F be JB * -triples, and let
for every x ∈ E ∧ .
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Proof. Let x ∈ E ∧ \ {0}. Let e = r(x) the range tripotent of x. As we have just mentioned, x is positive and invertible in the JB * -algebra E 2 (e), with inverse x ∧ , and 0 / ∈ Sp(x). We identify E x (the JB * -subtriple of E generated by x) with C(Sp(x)) in such a way that x corresponds to the function t → t. Hence for every λ ∈ C with 0 < |λ| < ||x ∧ || −2 , the element λx ∧ − x is invertible in E x , and hence invertible in E 2 (e), with inverse (λx
Further, the inverses of x − λx ∧ and
) are their generalized inverses in E (let us recall that the triple product induced on E 2 (e) by the Jordan * -algebra structure coincides with its original triple product, and Q(x) = U x • ♯, for every x ∈ E). By Hua's identity (cf. (3.3) ), applied to a = x and b = λ −1 x, we obtain
We may assume that T (x) = 0. Since T strongly preserves regularity,
Since T is linear and strongly preserves regularity, it follows that
and thus T (x [3] ) = T (x) [3] .
Recall that two elements a, b in a JB * -triple E are orthogonal (written as a ⊥ b) if L(a, b) = 0 (see [6, Lemma 1] for several equivalent reformulations).
Remark 3.2. Let T : E → F be a linear map between JB
* -triples. Assume that T strongly preserves regularity. Then T preserves the orthogonality relation on regular elements. Indeed, given a, b ∈ E ∧ , such that a ⊥ b, it can be easily seen that
It follows from the above identity that
for every α ∈ R \ {0}. Therefore
Notice that a JB * -triple might contains no non-trivial tripotents (consider, for example, the C * -algebra C 0 Let us recall that, by Lemma 2.1 in [22] , an element a in a JB * -triple E is Brown-Pedersen quasi-invertible if and only if a is regular and {a} ⊥ = {0}, where
Theorem 3.3. Let E and F be JB * -triples with ∂ e (E 1 ) = ∅. Let T : E → F be a linear map strongly preserving regularity. Then T is a triple homomorphism.
Proof. Pick a complete tripotent e ∈ E. For every x ∈ E, let λ ∈ C, with |λ| > ||P 2 (e)(x)||. It is clear that P 2 (e)(x − λe) = P 2 (e)(x) − λe is invertible in the unital JB * -algebra E 2 (e). It follows from [22, Lemma 2.2] that x − λe is Brown-Pedersen quasi-invertible. We know, by Proposition 3.1, that T (x − λe) [3] = T (x − λe) [3] .
Since the above identity holds for every λ ∈ C, with |λ| > ||P 2 (e)(x)||, we deduce that
for every x ∈ E. The polarization formula 8{x, y, z} 4) and the linearity of T assure that T is a triple homomorphism.
The particularization of the previous result to the setting of C * -algebras seems to be a new result. 
4.
Maps strongly preserving regularity on weakly compact JB * -triples
The notions of compact and weakly compact elements in JB * -triples is due to L. Bunce and Ch.-H. Chu [5] . Recall that an element a in a JB * -triple E is said to be compact or weakly compact if the mapping Q(a) is compact or weakly compact, respectively. These notions extend, in a natural way, the corresponding definitions in the settings of C * -and JB * -algebras. A JB * -triple E is weakly compact (respectively, compact) if every element in E is weakly compact (respectively, compact).
In a JB * -triple, the set of weakly compact elements is, in general, strictly bigger than the set of compact elements (cf. [5, Theorem 3.6]). A non-zero tripotent e in E is called minimal whenever E 2 (e) = Ce. The socle, soc(E), of a JB * -triple E is the linear span of all minimal tripotents in E. Following [5] , the symbol K 0 (E) denotes the norm-closure of soc(E). By [5, Lemma 3.3 and Proposition 4.7], the triple ideal K 0 (E) coincides with the set of all weakly compact elements in E. Hence a JB * -triple E is weakly compact whenever E = K 0 (E). Every finite sum of mutually orthogonal minimal tripotents in a JB * -triple E lies in the socle of E. It is also known that an element a in a JB * -triple E is weakly compact if and only if L(a, a) is a weakly compact operator (see [5] ). Therefore, for each tripotent e in the socle of E, P 1 (e) = 2L(e, e) − P 2 (e) = 2L(e, e) − Q(e) 2 is a weakly compact operator on E (cf. [16, §2] ).
It is well known that every element in the socle of a JB * -triple is regular. Moreover, for every JB * -triple E,
Indeed, given a ∈ E † and x ∈ soc(E),
By Mc Coy's Lemma (see [34] ), a + x ∈ E ∧ . Let E, F be JB * -triples. Let us assume that E has non-zero socle, and let T : E → F be a linear map strongly preserving regularity. The polarization formula (3.4) and Proposition 3.1 show that T ({x, y, z}) = {T (x), T (y), T (z)}, whenever one of the elements x, y, or z is regular and the others lie in the socle. Proof. We know, from Proposition 3.1, that T preserves cubes of regular elements. Since every element in the socle of a JB * -triple is regular, is follows that T (x [3] ) = T (x) [3] , for every x ∈ soc(E). Since E = K 0 (E) = soc(E), the continuity of T , together with the norm continuity of the triple product prove that T is a triple homomorphism.
In the next example we show that the continuity assumption cannot be dropped from the hypothesis in the previous theorem (even in the setting of C * -algebras). 
We define T : c 0 → c 0 as the linear (unbounded) mapping given by
T (e n ) = e n , T (z n ) = nz n .
Clearly T is not a triple homomorphism but it strongly preserves regularity. Let us notice that c
∧ 0 = c 00 and T (c 00 ) = c 00 .
Linear maps strongly preserving Brown-Pedersen quasi-invertibility
In [16] , the authors proved that Bergmann operators can be used to characterize the relation of being orthogonal in JB * -triples. More concretely, it is proved in [16, Proposition 7] that, for any element x in a JB * -triple E with ||x|| < √ 2, the orthogonal annihilator of x in E coincides with the set of all fixed points of the Bergmann operator B(x, x). It is also obtained, in the just quoted paper, that a norm one element e in a JB * -triple E is a tripotent if, and only if, B(e, e)(E) = {e} ⊥ (cf. [16, Proposition 9] ). Having in mind all the characterizations of tripotents and Brown-Pedersen quasi-invertible elements commented above, and recalling that extreme points of the closed unit ball of a JB * -triple E are precisely the complete tripotents in E, it can be deduced that the equivalence e ∈ ∂ e (E 1 ) ⇔ B(e, e) = 0, (5.5) holds for every e ∈ E 1 . Let T : E → F be a linear map between JB * -triples. We introduce the following definitions:
that is, T maps Brown-Pedersen quasi-invertible elements in E to BrownPedersen quasi-invertible elements in F .

Definition 5.2. T preserves Bergmann-zero pairs if
B(x, y) = 0 ⇒ B(T (x), T (y)) = 0.
Definition 5.3. T strongly preserves Brown-Pedersen quasi-invertibility if T preserves Brown-Pedersen quasi-invertibility and T (x
It is worth to notice that all definitions above make sense for linear operators between C * -algebras. In this paper we employ Jordan techniques to study these kind of mappings and so, we set the above definitions in the most general setting.
Suppose T : E → F is a linear mapping strongly preserving Brown-Pedersen quasi-invertibility between two JB * -triples. Suppose u ∈ ∂ e (E 1 ). Then u is Brown-Pedersen quasi-invertible with u ∧ = u. It follows from our assumptions that T (u) is Brown-Pedersen quasi-invertible and T (u) ∧ = T (u ∧ ) = T (u). In such a case, {T (u), T (u), T (u)} = Q(T (u))(T (u)) = T (u) is a tripotent and Brown-Pedersen quasi-invertible, which implies that T (u) ∈ ∂ e (E 1 ) (cf. [22, Lemma 2.1]). We have therefore shown that every linear mapping between JB * -triples strongly preserving Brown-Pedersen quasi-invertibility also preserves extreme points points.
The characterization of the extreme points of the closed unit ball of a JB * -triple given in (5.5) implies that every linear mapping between JB * -triples preserving Bergmann-zero pairs also preserves extreme points.
Clearly, a linear mapping T : E → F preserving Bergmann-zero pairs maps Brown-Pedersen quasi-invertible elements in E to Brown-Pedersen quasi-invertible elements in F .
Therefore, for every linear mapping T between JB * -triples the following implications hold:
T preserves Bergmann-zero pairs = === ⇒ T preserves BP quasi-invertible elements (Remark 5.9) T preserves extreme points ⇐ === = 
However T (x ∧ ) may not coincide, in general, with T (x) ∧ . So, we cannot conclude that every linear Bergmann-zero pairs preserving is a strongly Brown-Pedersen quasi-invertibility preserver (cf. Remark 5.9).
We mainly focus our study on maps between C * -algebras. Let A be a unital C * -algebra A. It is easy to see that, for an element a in A B(a, a)(
Moreover it is also a well known fact that the extreme points of the closed unit ball of A are precisely those elements v in A for which (1 − vv [38, Theorem I.10 
.2]).
Let T : A → B be a linear map between unital C * -algebras which preserves extreme points. Since for every unitary element u ∈ A, B(u, u) = 0 it follows that B(T (u), T (u)) = 0, which, in particular, shows that T (u) is a partial isometry. Hence, T is automatically bounded and T = 1 (cf. [35, §3] ). Therefore, for every self-adjoint element a ∈ A, we have
Differentiating both sides of the above identity with respect to t, we deduce that
and hence
for every t ∈ R. For t = 0, we get
for every a = a * in A. Differentiating (5.6) with respect to t, we obtain
for every t ∈ R. In the case t = 0 we get
or equivalently,
for every a = a * in A. Multiplying identity (5.7) by T (1)
* from both sides, and taking into account that T (1) is a (maximal) partial isometry, we deduce that
for every self-adjoint element a ∈ A. Proof. By hypothesis v = T (1) is a unitary in B. We deduce from (5.7) that
for every self-adjoint element a ∈ A, and hence, by linearity,
for every a ∈ A. Therefore, the mapping S : A → B, given by S(x) := v * T (x), is symmetric (S(x * ) = S(x) * ), and S(1) = v * T (1) = v * v = 1. Now, since v * v = 1 = vv * , we deduce from (5.8) and (5.10) that
for every a = a * in A. Multiplying on the left by v * we obtain:
for every a = a * in A, and hence S is a Jordan * -homomorphism. It is also clear that T (a) = vv * T (a) = vS(a), for every a in A.
We recall that, according to [36, Proposition 1.6.3] , for a C * -algebra, A, the intersection ∂ e (A 1 ) ∩ A sa is precisely the set of all self-adjoint unitary elements of A. Proof. Suppose that T preserves extreme points. Since T is symmetric, the element T (1) must be a self-adjoint extreme point of the closed unit ball of B, and hence a self-adjoint unitary element. Proposition 5.5 assures that S(a) := T (1)T (a) (a ∈ A) is a unital Jordan * -homomorphism and T (a) = T (1)S(a), for every a ∈ A.
The next result gives sufficient conditions for the reciprocal statement of Proposition 5.5 and Corollary 5.6. Proof. Suppose that T = vS, where v is a unitary element in B and S : A → B is a unital Jordan * -homomorphism. Since S * * : A * * → B * * is a unital Jordan * -homomorphism between von Neumann algebras (cf. [37, Lemma 3.1]), Theorem 3.3 in [37] implies the existence of two orthogonal central projections E and F in B * * such that S 1 = S * * : A * * → B * * E is a * -homomorphism, S 2 = S * * : A * * → B * * F is a * -anti-homomorphism, E + F = 1 and S * * = S 1 + S 2 . The equality 1 = S(1) = S 1 (1) + S 2 (1) implies that S 1 (1) = E and S 2 (1) = F .
Take e ∈ ∂ e (A 1 ). We claim that S(e) ∈ ∂ e (B 1 ). Indeed, the equalities
because S(e) ∈ ∂ e (B 1 ). We have therefore shown that T (e) ∈ ∂ e (B 1 ).
Henceforth, T : A → B will denote a linear map between unital C * -algebras which preserves extreme points, and we assume that B is prime. Let v = T (1) ∈ ∂ e (B 1 ). The assumption B being prime implies that vv * = 1 or v * v = 1. We shall assume that v * v = 1. When vv * = 1 we can apply Proposition 5.5, otherwise (i.e. in the case vv * = 1), we cannot deduce the same conclusions. Indeed, from (5.7) and (5.9) we deduce that vv * T (a) = vT (a) * v, for every a = a * in A, and consequently v * T (a) = T (a) * v, for every a ∈ A sa . Therefore, the operator S = v * T is unital and symmetric. Moreover, it follows from (5.8) that
for every a = a * in A. Multiplying on the left by v * , and having in mind that S is symmetric, we obtain 
Clearly T (1, 1) = v. Furthermore, every extreme point of the closed unit ball of A writes in the form (λ 0 , µ 0 ) with . It is easy to check that
and hence B(T (a), T (a ∧ )) = 0, which shows that T preserves Bergmann-zero pairs.
It is easy to check that T (1, −1) = w, and hence v * T (1, −1) = v * w = 0, and w.
The counter-examples provided by Remark 5.9 point out that the conclusions found by Mascioni and Molnár for linear maps preserving extreme points on infinite von Neumann factor (cf. [30] ) are not expectable for general C * -algebras. We shall show that a more tractable description is possible for linear maps strongly preserving Brown-Pedersen quasi-invertibility. The proofs are based on the JB * -triple structure underlying every C * -algebra. The following variant of Proposition 3.1 follows with similar arguments, its proof is outlined here. q . Then T (x [3] ) = T (x) [3] ,
for every x ∈ E −1 q .
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Proof. Let x be an element in E −1 q , and let e = r(x) ∈ ∂ e (E 1 ) denote its range tripotent. For each 0 < λ < x ∧ −2 the element λx ∧ −x is Brown-Pedersen quasiinvertible in E. Indeed, if we regard λx ∧ − x as an element in E x ≡ C(Sp(x)), the JB * -subtriple of E generated by x (see page 5), then x − λx ∧ is invertible and positive in E x , and its range tripotent is r(x − λx ∧ ) = e ∈ ∂ e (E 1 ). By Hua's identity (cf. (3.3) ), we have
Given 0 < λ < Min{||x ∧ || −2 , ||T (x) ∧ || −2 }, since T strongly preserves BrownPedersen quasi-invertible elements, and x, λx ∧ − x, T (x), and T (λx ∧ − x) are Brown-Pedersen quasi-invertible, we deduce that
for every 0 < λ as above, which proves the desired statement.
The full meaning of Theorem 3.3 (and the role played by [22, Lemma 2.2] in its proof) is more explicit in the following result, whose proof follows the lines we gave in the just mentioned theorem but replacing Proposition 3.1 with Proposition 5.10. We can state now our conclusions on linear maps strongly preserving BrownPedersen quasi-invertibility. Proof. Since T preserves extreme points, v = T (1) ∈ ∂ e (B 1 ) is a partial isometry with (1 − vv * )T (x)(1 − v * v) = 0 (5.11) for every x ∈ A. It follows from (5.9) that vT (a)
* v = vv * T (a)v * v, for every a = a * ∈ A. Now, Theorem 5.12 assures that T is a triple homomorphism. Thus, we have T (x) = T {x, 1, 1} = {T (x), v, v} = 1 2 (T (x)v * v + vv * T (x)), (5.12) and T (x * ) = T {1, x, 1} = {v, T (x), v} = vT (x) * v, (5.13)
